Abstract. In [20] we established axiomatic parametrised Cohen-Macaulay approximation which in particular was applied to pairs consisting of a finite type flat family of Cohen-Macaulay rings and modules. In this sequel we study the induced maps of deformation functors and deduce properties like smoothness and injectivity under general, mainly cohomological conditions on the module.
Introduction
In this article we study local properties of flat families of Cohen-Macaulay approximations by homological methods.
Let A be a Cohen-Macaulay ring of finite Krull dimension with a canonical module ω A . Let MCM A and FID A denote the categories of maximal Cohen-Macaulay modules and of finite modules with finite injective dimension, respectively. M. Auslander and R.-O. Buchweitz proved in [3] that for any finite A-module N there exists short exact sequences In [20] we noted some of the developments since [3] , as the study of new invariants, e.g. [7, 4, 16, 32] and various characterisations and applications [24, 36, 25, 18, 27, 8] . In his book [15] M. Hashimoto gave several new examples of the axiomatic Cohen-Macaulay approximation in [3] . However, the 'relative' and continuous aspects have received surprisingly little attention. It seems only [15, IV 1.4.12] and [35] touch upon this.
In [20, 5.1] we proved the following result. Let h : S → A be a Cohen-Macaulay map and N an S-flat finite A-module. Then there exists short exact sequences of S-flat finite A-modules There are corresponding maps Def A N → Def A X of deformation functors of the modules where the algebra A only deforms trivially. To our knowledge these maps have not been defined before. They are the principal objects of study in this article.
Rather weak conditions imply the injectivity, respectively the formal smoothness of σ X , e.g. Hom A (N, M ) = 0, respectively Ext In Section 2 we define the fibred categories and in Section 3 the maps σ X . We give some relevant obstruction theory for deforming modules in Section 4. The main results about the maps σ X with some general consequences are found in Section 5. Section 6 concludes after several auxiliary technical results with the proof of Theorem 6.6.
Many results have analogous parts with similar arguments and the policy has been to give a fairly detailed proof of one case and leave the other cases to the reader. All rings are commutative with 1-element. Subcategories are usually full and essential.
2. Preliminaries 2.1. Fibred categories. Fix a finite ring map Λ → k where Λ is assumed to be excellent (in particular noetherian) and k a field. The kernel of Λ → k is denoted m Λ . Put k 0 = Λ/m Λ . Define Λ H k to be the category of surjective maps of Λ-algebras S → k where S is a noetherian, henselian, local ring. A morphism is a local ring map of Λ-algebras S 1 → S 2 commuting with the given given maps to k. A map h : S → A of local henselian rings is algebraic if h factors as S → A ft → A where the first map is of finite typ and the second is the henselisation in a maximal ideal. Define Alg to be the category where an object is an object Λ → S → k in Λ H k together with a map of local henselian rings S → A which is flat and algebraic. A morphism (S 1 → A 1 ) → (S 2 → A 2 ) is a morphism g : S 1 → S 2 in Λ H k together with a local S 1 -algbra map f : A 1 → A 2 such that the resulting commutative square is cocartesian. The fibre sum is given by the henselisation of the tensor product A = A 1 ⊗ S1 S 2 in the maximal ideal m A1 A + m S2 A, denoted by A 1⊗S1 S 2 or by (A 1 ) S2 . It has the same closed fibre as S 1 → A 1 and it follows that the forgetful Alg → Λ H k is a fibred category fibred in groupoids. In general a flat and local ring map S → A will be called Cohen-Macaulay if A⊗ S S/m S is a Cohen-Macaulay ring. There is a subcategory CM in Alg with objects Cohen-Macaulay maps. The forgetful CM → Λ H k is a fibred category.
Let mod denote the category of pairs (h : S → A, N ) with h in Alg and N a finite A-module. A morphism (h 1 :
in Alg and an f -linear map of modules α : N 1 → N 2 . Let (N 1 ) S2 denote the base change A 2 ⊗ A1 N 1 . The forgetful functor mod → Λ H k is a fibred category. There is a fibred subcategory mod fl ⊆ mod of modules flat over the base and a fibred subcategory MCM ⊆ mod fl where S → A is in CM and N ⊗ S k is a maximal Cohen-Macaulay A⊗k-module.
Any local CM map h : S → A has a dualising module ω h obtained by base change from the dualising module ω h ft as defined in [6, Sec. 3.5] where h ft is a finite type representative for h. In particular, (h, ω h ) is in MCM. Two finite type representatives for h factor through a common étale neighbourhood which is CohenMacaulay relative to S. The dualising module commutes with base change for finite type CM maps and so does ω h . Let D denote the subcategory of MCM of objects (h, D) with D in Add{ω h } andD fl the subcategory of mod fl of objects (h : S → A, N ) such that h is in CM and N has a finite resolution by modules in Add{ω h }. The forgetful maps make D andD fl fibred categories over Λ H k . There is also a version for a fixed flat algebra. With Λ → k as above, fix a flat ring map Λ → A which is the composition of two ring maps Λ → A ft → A where the first is of finite type and the second is the henselisation at a maximal ideal. We call such an A a flat and algebraic Λ-algebra. There is a section Λ H k → Alg given by S → (S → A S ) where A S = A⊗ Λ S. Let Alg A denote the resulting fibred subcategory of Alg and mod A , respectively mod fl A , the restriction of the fibred categories mod and mod fl to Alg
Deformation functors.
If Λ → S → k is an object in Λ H k we define Λ H S as the comma category Λ H k /S of maps to S in Λ H k . If h : S → A is an element in Alg we define Def A/S as the comma category Alg/(S → A), i.e. the objects are maps (U → V ) → (S → A) in Alg and morphism are morphisms in Alg commuting with the maps to S → A. The objects in Def A/S are called deformations of A. If a = (h : S → A, N ) is an object in mod fl , we define a deformation of a as a cocartesian map to a in mod fl . A map of deformations is a cocartesian map in mod fl commuting with the maps to a. Let Def (A/S, N ) denote the resulting category of deformations of a. The forgetful functors make Def A/S and Def (A/S, N ) categories fibred in groupoids over Λ H S . Similarly, with a fixed flat and algebraic Λ-algebra A as in the previous subsection, let Def
Let the deformation functors Def A/S , Def (A/S, N ) and Def A N/S from Λ H S to Sets be the functors corresponding to the associated groupoids of sets obtained by identifying all isomorphic objects in the fibre categories and identifying arrows accordingly. If S = k we write Def A for Def A/k and so on. Lemma 2.1. Let S → A be a homomorphism of noetherian rings and a an ideal in S such that I = aA is contained in the Jacobson radical of A. Let M and N be finite A-modules. Let A n = A/I n+1 , M n = A n ⊗M and N n = A n ⊗N . Suppose there exists a tower of surjections {ϕ n : M n → N n }. Fix any non-negative integer n 0 . Then there exists a A-linear surjection ψ : M → N such that A n0 ⊗ψ = ϕ n0 . If the ϕ n are isomorphisms and N is S-flat then ψ is an isomorphism.
Cohen-Macaulay approximation of deformations
We extend the Cohen-Macaulay approximation over henselian local base rings given in [20, 5.7] to deformations.
For each object a v = (h v : S v → A v , N v ) in mod fl with h v in CM we fix a minimal MCM-approximation and a minimalD fl -hull
which exist by [20, 5.7, 6.3] . For each deformation a v → a we choose extensions to commutative diagrams of deformations
It is cocartesian. Do similarly for theD fl -hull. Let these choices be fixed.
Lemma 3.1. There are four maps
] for x equal to µ, λ, λ and µ in (3.0.2) respectively. For a flat and algebraic Λ-algebra A the same formulas induces well-defined maps of deformation functors of A-modules
The following lemma implies that these maps are well defined and independent of choices and thus proves Lemma 3.1.
in mod fl over CM. Consider the minimal MCM-approximations π vj and π j (respectively theD fl -hulls ι vj and ι j ) defined in (3.0.1) and the corresponding maps of short exact sequences π vj → π j (respectively ι vj → ι j ) which extends ν j defined in
• maps of short exact sequences π 1 → π 2 and ι 1 → ι 2 which extends α,
• anf -linear mapα : N v1 → N v2 which lifts α. In particular the following two diagrams of solid arrows are commutative:
Then there exists f -linear maps γ : M v1 → M v2 and γ : L v1 → L v2 such that the induced diagrams are commutative. Ifα is cocartesian, so are γ and γ .
Proof. Consider the MCM-approximation case. By applying base changes to the front diagram, we can reduce the problem to the case h v1 → h 1 equals h v2 → h 2 . Then, by [20, 5.7] , there is a lifting γ 1 : M v1 → M v2 ofα. We would like to adjust γ 1 so that it lifts β too. We have that
Ifα is an isomorphism so is γ by minimality of the approximations π vj . The argument for theD fl -case is similar.
Obstructions
We summarise some obstruction theory for deformations of modules which will be used to study the maps in Lemma 3.1. 
Lift the differentials to mapsd n :F n →F n−1 of B -free modules of the same rank. Denote the mapF → F by π. Thend 1d2 is induced by a map η 2 :
It is independent of the chosen resolution and liftings.
If there is a lifting N of N along β we can choose a B -free resolution F of N first. Then H 0 (B ⊗F ) ∼ = N and H 1 (B ⊗F ) = 0. A B-free resolution F of N is obtained by adding terms in degree 3. It follows that ob(β, N ) = 0.
Suppose ob(β, N ) = 0. Then there is a ξ : F 1 → N ⊗J with η 2 = ξπ. Let ξ 1 : F 1 → F 0 ⊗J be a lifting of ξ and let ι denote the inclusion ι : F ⊗J →F . Let ξ 2 :
with its natural map to N gives a lifting of N along β.
(ii) Given two liftings N 1 and N 2 of N along β. By what we did above there are
Conversely, given an lifting N with differential d , such a class can be lifted to maps ξ 1 and ξ 2 with
The element ob(β, N ) is called the obstruction of (β, N ).
Lemma 4.3. Given a map of extensions
is an extension of deformations of algebras over ρ and let β S denote the base change of β along R → S . Suppose N is an R-flat B-module. Then:
(ii) There is a natural isomorphism 
Proof. (i) Note that the base change β S equals B S ⊗ S (I → S → S) which gives a short exact sequence. Moreover,
2 which equals (d 2 ) S , i.e. the base change of the map which induces 
Proof. The 4-term exact sequence is obtained since Tor 
gives a B-free 2-presentation of N ; cf. [19, Lemma 3] . Following the proof of Proposition 4.2, η 2 can be given by ε⊗γ : F 0 ⊗E → N ⊗J. Since the upper row in the commutative diagram
is the beginning of a B-free resolution of N , ε⊗γ also defines the image of the 4-term exact sequence in Ext 2 B (N, N ⊗J). Lemma 4.5. Let k be a field and A a local algebraic k-algebra. Given a small surjection p : R → S in Λ H k and a deformation R → A of k → A. Put q = id ⊗1 : A → A⊗ R S = A S and I = ker p. Given short exact sequences of finite A Smodules which are deformations mapping to short exact sequences of A-modules:
A (M, N )⊗ k I Furthermore, assume we have short exact sequences of finite A-modules:
for i = 1, 2 which are deformations mapping to the upper sequences above. Let δ, ζ and ξ denote the differences of the deformations N i , the L i and the M i respectively (cf. Proposition 4.2). Then:
) be an A S -free resolution of N and put F := F ⊗ S k which is an A-free resolution of N : 
A similar argument gives (ii).
(iii), first part: We can assume that L i has a resolution with differential
lifting the resolution of L given above. Then the difference of the two differentials factors through a degree one cocycle s 0 t r in End · A (G ⊕ F )⊗ k I which represents ζ. Then the rest is analogous to (ii). The second part is similar.
Maps of deformation functors induced by Cohen-Macaulay approximation
After two lemmas relating to the Schlessinger-Rim conditions in Artin's [2] we state several results about various maps of deformation functors induced by CohenMacaulay approximation.
For any fibred category F over Λ H k (or over the subcategory Λ A k of artin rings) we will in the following assume that F(k) is equivalent to a one-object, one-morphism category. Furthermore, for all maps f : R → S in Λ H k and for all objects a in F(R) we choose a push forward f * a in F(S). Let F =F denote the functor associated to F.
Definition 5.1. Assume that F and G are fibred categories over Λ H k which are locally of finite presentation. A map ϕ : F → G is smooth (formally smooth) if, for all surjections f :
. Let v be an object in F(R) and let c v : h R → F denote the corresponding Yoneda map. If R is algebraic as Λ-algebra and c v is smooth (an isomorphism) then v is versal (respectively universal). Moreover, v (or If A is a local algebraic k-algebra and N a finite A-module then by standard arguments Def (A,N ) is locally of finite presentation and satisfies (S1'); cf. [22, 4.1] , and likewise for Def A N where A is a flat and algebraic Λ-algebra. Lemma 5.3. Suppose F satisfies (S1') and has a versal object v in F(R). Then F satisfies (S2).
Proof. We use the assumptions in Definition 5.2. By versality there is a g in h R (S) with g * v ∼ = a in F(S). If a is a lifting of a along p then there is a g lifting g with g * v ∼ = a by versality. I.e. the S-linear map D
). Since R is algebraic, Ω R/Λ is a finite R-module and so is D F a (I). Let A be a Cohen-Macaulay local algebraic k-algebra and N a finite A-module. 
A (L , L ⊗I) By a diagram chase it follows that δ is surjective and (S2) holds for Def (A,L ) . Similarily for (ii). (ii) Let S → S in Λ A k be surjective with kernel I, b = (h : S → A, L ) a deformation of (A, L ) to S and letb = (h: S → A, L ) denote the base change of b to S. Suppose there is a deformation (h : S → A , N ) of (A, N ) which σ L maps tob. As above we can assume that h = h. By induction on the length of S we can assume that I · m S = 0. By Lemma 4.5, [22, 3.3] . This implies that we can find a projective system of maps {f n : R → S n } and isomorphisms
A Sn implies that the completions in maximal ideals are isomorphic too; v Aˆ∼ = Aˆ. Any S in Λ H k is a direct limit of a filtering system of algebraic Λ-algebras in
is locally of finite presentation it is sufficient to prove the lifting property for S algebraic. Since Λ is excellent, so is S by [12, 7.8 commuting with the maps σ X : Def (A,N ) → Def (A,X) for X equal to M and M , and to L and L, respectively. If A is a Gorenstein ring, then s is an isomorphism. If A is a flat and algebraic Λ-algebra with A⊗ Λ k ∼ = A, the analogous statements hold for the deformation functors Def Note that the pushout of 
Corollary 5.8. Consider the map σ
where ω ⊕n h → L is given as above. The stated commutativity of maps of deformation functors follows. N ) ) which is zero by assumption. Proof. Let S 2 → S 1 be a surjection in Λ H k and (h 2 :
⊕r for some r. We can assume that h = h 1 and that the minimal
and choose a lifting ρ 2 : L 2 → M 2 of ρ 1 . Put N 2 := coker ρ 2 with its natural map to
Remark 5.15. If A is a Gorenstein domain and M is an MCM A-module there is a short exact sequence 0 → A ⊕r → M → N → 0 with N a codimension one Cohen-Macaulay module; cf. [5, 1.4.3] . This sequence is an MCM A -approximation and Proposition 5.14 applies. However, it is not always possible to continue this reduction. Assume A is a normal Gorenstein complete local ring. Then all MCM A-modules are MCM A -approximations of codimension 2 Cohen-Macaulay modules up to stable isomorphism if and only if A is a unique factorisation domain; see [36, 25] .
Let A be a Gorenstein normal domain of dimension 2 and 0 → A ⊕r−1 → M → I → 0 the minimal MCM approximation of a torsion-free rank 1 module I. Let U denote the regular locus in X = Spec A. 
We apply Hom A (−, ω A ) to the short exact sequence 
Even in the Gorenstein case (m = 2) the tangent map is not surjective and so Proposition 5.14 cannot in general be extended to depth N = dim A − 2. See [14] for a detailed description of the strata of the reduced versal deformation space of M defined by Ishii in [23] .
If dim A = 2 the MCM A -approximation of m A is a short exact sequence
where E A is called the fundamental module; cf. [20, 7.
. Hence the conclusion in Proposition 5.14 cannot hold in the non-Gorenstein case m > 2.
Deforming maximal Cohen-Macaulay approximations of Cohen-Macaulay modules
Several definitions and results are given to prepare the statement of Theorem 6.6 and then to prove it. * . There is a Λ-algebra map f lc : R lc → S lc which is the Zariski localisation in kpoints of a map of finite type Λ-algebras such that the henselisation of f lc is f .
The induced map t * R lc /Λ → t * R/Λ is an isomorphism, and likewise for S.
surjective; cf. [33, Tag 06GB]. Then im m R lc · S lc = m S lc by Nakayama's lemma. In particular, S lc is the Zariski localisation of a finite R lc -algebra S 1 by [33, Tag 052V]. SinceR lc →Ŝ lc ∼ =Ŝ1 is surjective by [33, Tag 00M9], R lc → S 1 is surjective by faithfully flatness of completion. Since henselisation preserves surjections f is surjective.
Example 6.4. Suppose F : Λ H k → Sets is a functor with versal elements in F (R) and F (S) such that the induced maps
Then R ∼ = S. Indeed, by versality there are maps f : R → S and g : S → R which are surjections by Lemma 6.3. Then gf is an automorphism since R is noetherian.
Put t F/Λ = F (k[ε] ). In the case k 0 → k is a separable field extension, we will call a base ring R of a (formally) versal (formal) element in F for minimal if the
Lemma 6.5. Suppose k 0 → k is a separable field extension and ϕ : F → G is a map of set-valued functors on Λ A k which have minimal formally versal formal families with base rings R F and R G which are algebraic over Λ (or complete). Put
(ii) There are obstruction theories for F and G such that ob(p, ϕ S (ζ)) = 0 implies ob(p, ζ) = 0 for any small surjection p : R → S in Λ A k and element ζ ∈ F (S). Then every f : R G → R F in Λ H k lifting ϕ is surjective and the ideal kerf is generated by a lifting of a k-basis for V . In particular kerf is generated by 'linear forms' modulo im m Λ ·R G .
Proof. The Jacobi-Zariski-sequence of an object Λ → R → k in Λ H k gives the exact sequence (cf. [33, Tag 06S9])
where Ω k/Λ ∼ = Ω k/k0 which equals 0 by separability. Then
is canonically isomorphic to the map t * R G /Λ → t * R F /Λ induced by f so f is surjective by Lemma 6.3. Moreover, kerf maps surjectively to V inducing the natural surjective k-linear map
Lift a k-basis for V to elements in kerf and let J be the ideal in R G generated by these elements. Then g is an isomorphism if and only if J = kerf .
). Let ζ n ∈ G(R n ) for n = 1, 2, . . . denote the images of a formal versal family (ζ n ) for G. Similarly, put R and let (ξ n ), ξ n ∈ F (R F n ), denote a formal versal family for F . We prove that the maps R n → R F n are isomorphisms by induction on n. Surjectivity and isomorphic completions implies that R → R F is an isomorphism also in the algebraic case. Put
Then K 1 is contained in V , but since J → V is surjective and factors through K 1 we have K 1 = V . This is equivalent to t * R/Λ ∼ = t * F/Λ and to Let C be a category. Then Arr C denotes the category with objects being arrows in C and arrows being commutative diagrams of arrows in C. An endo-functor F on C induces an endo-functor Arr F on Arr C. Let B be a noetherian local ring and P B the additive subcategory of projective modules in mod B . Let Hom B (N, M ) denote the homomorphisms from N to M in the quotient category mod B = mod B /P B i.e. B-homomorphisms modulo the ones factoring through an object in P B . For each N in mod B we fix a minimal B-free resolution and use it to define the syzygy modules of N . For each i the association N → Syz B i N induces an endo-functor on mod B defined by A. Heller [17] . Define Ext Arr Syz
which makes the following diagram commutative for all i:
Remark 6.9. Lemma 6.8 (iv) strengthens [4, 3.6] (in the commutative case).
Proof. (i) Suppose F * → N is the fixed minimal A-free resolution of N . Tensoring the short exact sequence 0 → Syz
(ii) Let p : Q → N be the minimal B-free cover and P * → Syz B N the minimal Afree resolution of the B-syzygy ker(p). Then there is an A-free resolution H * → Q which is an extension of F * by P * . Since Syz A n B ∼ = A, tensoring the short exact sequence of A-free resolutions 0 → P * → H * → F * → 0 by B we obtain by (i) a commutative diagram with exact rows 
Remark 6.11. In the absolute Gorenstein case with n = 1 this is given in [4, 4.5] .
Proof of Theorem 6.6. Let ϕ denote the composition Consider the short exact sequences of A R -modules
where G is free. Apply −⊗ R S and obtain the 4-term exact sequence of A S -modules
which represents ob(q, M) ∈ Ext h , F = f + t 2 ∈ P and A = P/(F ). Define G(ϕ, ψ) = (Φ, Ψ) where (6.11.9) Φ = ϕ t −t ψ and Ψ = ψ −t t ϕ are endomorphisms of P ⊕2n in block-matrix notation. Then (Φ, Ψ) is a matrix factorisation of F and thus defines an MCM A-module coker Φ which we denote by G (N ) . Indeed, G defines a functor of stable categories G : mod B → mod A and was introduced by H. Knörrer in [26] . Proof. A minimal P -free resolution of N together with a homotopy for the multiplication with F on the resolution is constructed from a minimal matrix factorisation (ϕ, ψ) for N :
The Eisenbud construction [9] of an A-free resolution from these data gives:
. . . If Spec B is an isolated singularity and char k = 2 then Spec A is an isolated singularity. Then Def 
